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Abstract
Neutral depletion can significantly affect the steady state of low temperature plasmas. Recent
theoretical analyses predicted previously unexpected effects of neutral depletion in both
collisional and collisionless regimes. In this paper we address the effect of the energy
deposited in the neutral gas by a collisional plasma. The fraction of power deposited in the
neutrals is shown to be independent of the amount of power. The first case we address is of a
thermalized neutral gas. It is shown that a low heat conductivity of the neutral gas is followed
by a high neutral temperature that results in a high neutral depletion even if the plasma pressure
is small. In the second case neutrals are accelerated through charge exchange with ions leading
to what we call neutral pumping, which is equivalent to ion pumping in a collisionless plasma.
Neutral depletion is found in the second case for both a closed system (no net mass flow) and
an open system (a finite mass flow). A thruster that employs a collisional plasma and pumped
neutrals is compared with the thruster analyzed before that employs collisionless plasma.

1. Introduction

Space and laboratory plasmas can be significantly affected by
neutral depletion. In weakly ionized laboratory plasmas, in
which the neutral density and temperature are uniform, particle
balance is decoupled from power balance and the electron
temperature is found to be related to a single similarity variable,
the product of the neutral gas pressure and the plasma spatial
extent (the Paschen parameter) [1–6]. The plasma density
is determined by power balance and increases monotonically
with deposited energy, as does the plasma flux. When
ionization is intense and neutral depletion is significant, so that
neutral pressure is not uniform, the above-mentioned similarity
variable is no longer well defined. Moreover, particle balance
and power balance become coupled and so do ionization and
transport.

The effect of neutral depletion in gas discharges has
already been addressed in early studies [7–10]. However, only
in recent years, with the growing use of lower pressure
and higher power radio-frequency discharges, has the
importance of neutral  depletion  become  fully  recognized
[11–30]. Decrease in the neutral density [11–13, 15, 19–
21, 23], relaxation oscillations [14] and neutral-gas heating
[16–20, 22, 23] have been measured. Several recent theoretical
studies focused on the effect of neutral depletion on the steady

state of low temperature plasmas [24–30]. In these studies
the total number of neutrals has been found to replace the
Paschen parameter as the similarity variable that determines
the electron temperature. For collisional plasma that is in
pressure balance with the neutral gas it has been shown that
because of the inherent coupling of ionization and transport,
an increase in the energy invested in ionization can nonlinearly
enhance the transport process. Such an enhancement of
the plasma transport due to neutral depletion was shown
to result in an unexpected decrease in the plasma density
when power is increased despite the increase in the flux of
generated plasma [24]. An unexpected feature of the steady
state has also been found for collisionless plasma interacting
through ionization only with thermalized neutral gas. Strong
ionization was found to result in a maximum of the neutral-gas
density surprisingly located at the center of the chamber [27].
For collisionless neutral gas, however, the strong ionization
resulted in the expected neutral-gas minimum at the center of
the chamber [25, 26]. We have recently studied in detail this
case of collisionless neutral-gas interacting with a collisionless
plasma [30]. We analyzed the steady state of such plasma and
neutral gas in both zero and finite mass flow configurations.
The configuration with a net mass flow was considered for
a thruster. The energy cost for ionization and the backwall
energy losses were shown to significantly reduce the efficiency
of such a thruster.
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In this paper we address the effect of the energy deposited
in the neutral gas by a collisional plasma. In section 2 we derive
relations between the plasma flow, density and velocity that are
independent of deposited power and the neutral density profile.
Moreover, in section 3 we show that the fraction of power
deposited in the neutrals is also independent of the amount
of deposited power and of the neutral density profile, and is
determined by the atomic cross sections and by the electron
temperature only.

The first case we address is of a thermalized neutral gas in
which the neutral-gas pressure is expressed as the product of
the density and temperature. This case is analyzed in sections 4
and 5. In section 4 we write the heat equation that governs the
evolution of the neutral-gas temperature. Neutral heating is
balanced by heat conduction to the boundaries. This case was
recently analyzed [29] where the source of gas heating was
assumed to be collisions with plasma electrons. We allow
both work done by the plasma flow and heat produced by
collisions with electrons to contribute to the increase in electron
temperature. In section 5 we examine in detail the role of
neutral heat conductivity. In the numerical examples we retain
only heating due to collisions with electrons, as was done
in [29]. For a small coefficient of neutral heat conductivity
we derive asymptotic relations. We show that a low heat
conductivity of the neutral gas is followed by a high neutral
temperature that results in a high neutral depletion even if the
plasma pressure is small.

In the second case, described in sections 6–8, neutrals (that
move ballistically as in our recent paper [30]) are accelerated
through charge-exchange collisions with fast ions, leading
to what we call neutral pumping. This neutral pumping is
equivalent to ion pumping in collisionless plasmas that results
from intense ionization [12–14]. The fast neutrals generated
in the charge-exchange collisions are assumed to leave the
system quickly, and, because of their short residence time,
they are assumed not to be ionized. This simplified formalism
for neutral depletion due to neutral pumping is presented in
section 6. A closed system in which neutral pumping is
dominant is analyzed in section 7. An open system with a net
mass flow is analyzed in section 8. This analysis has relevance
to plasma sources that are considered for use as thrusters
[31–40]. A thruster that employs a collisional plasma and
pumped neutrals could be advantageous relative to a similar
thruster that employs collisionless plasma [30]. The analysis
here is too simplified for making the needed comparison. We
nevertheless discuss such a collisional thruster in section 8.

2. Collisional plasma

In this section we derive for a collisional plasma relations
between the flow, velocity and density that are independent
of the neutral density profile. We assume a one-dimensional
unmagnetized plasma. The momentum equations for the
electrons and ions are

d (nT )

dz
= −neE − meβeNnv,

d
(
mnv2

)
dz

= neE − mβiNnv.

(1)

Here n is the density of the quasi-neutral plasma, T is the
(assumed constant) electron temperature, e the elementary
charge, E the intensity of the ambipolar electric field, m and
me the ion and electron masses, v the velocity of the plasma
flow and N the density of the neutrals. Also, βe and βi are the
rate coefficients of electron and ion collisions with neutrals.

Adding the two momentum equations we obtain the
standard collisional plasma momentum equation:

d
(
mnv2 + nT

)
dz

= −mβcNnv, βc ≡ βi + βe1,

βe1 ≡ βe
me

m
. (2)

The continuity equation is

d�

dz
= βNn, � ≡ nv, (3)

in which β = β(T ) is the ionization rate coefficient and � is
the plasma particle flux density. Combining the two equations
we obtain the relation

d
(
mnv2 + nT

)
d�

= −mβc

β
v. (4)

This equation can be written in the form

d ln �

dM2
= (1 − M2)

2M2[1 + M2(1 + βc/β)]
, (5)

in which
M ≡ v

c
(6)

is the Mach number and c ≡ (T /m)1/2 is the ion acoustic
velocity. Equation (5) shows that the flux does not grow with
the velocity beyond M = 1. We assume that the Mach number
is unity at the plasma boundary. The equation is integrated and
the plasma flux and density are expressed as

� = ncM, n = n0

[1 + M2(1 + βc/β)]
1
2 (1+ 1

1+βc/β
)
. (7)

Here n0 is the maximal plasma density (where the plasma flow
velocity is zero). The maximal plasma flux and the minimal
plasma density, both at the plasma boundary, are

�max = nminc, nmin = n0

(2 + βc/β)
1
2 (1+ 1

1+βc/β
)
. (8)

The effect of neutral depletion on the collisionless case,
in which

βc = 0 �⇒ n = n0

(1 + M2)
, �max = n0c

2
,

nmin = n0

2
, (9)

has been analyzed in [30]. We are interested here in the
collisional case, in which

βc � β. (10)
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For each ionization event there are several collisions in which
neutrals acquire momentum. In that case we approximate

βc � β �⇒ n = n0

[1 + M2(βc/β)]
1
2

,

� = n0cM

[1 + M2(βc/β)]
1
2

. (11)

We will use equations (11) in this paper with the normalized
plasma flux �n and density nn satisfying the following
relations:

�2
n = 1 − n2

n, �n ≡ �

�a

, nn ≡ n

n0
, (12)

where

�a ≡ n0c

(
β

βc

)1/2

. (13)

Relations (11) and (12) can be obtained by neglecting the
ion inertia in the ion momentum equation from the outset.
Although the plasma velocity increases monotonically with
the plasma flux once the ion inertia has been neglected, the
simplified collisional model is valid only for Mach numbers
up to M = 1, where

n = nmin
∼= n0

(
β

βc

)1/2

, � = �max
∼= �a

(
1 − β

2βc

)
.

(14)

It is necessary to retain the small term β/(2βc) in the expression
for �max for the calculation of the neutral-gas heating, as
described in the following section. The simple relation
between the plasma flux density and the plasma density
(equations (12)) is used here for deriving from the continuity
equation an expression forNT , the total number of neutrals (per
unit area) between the location of the peak of plasma density
(at z = 0) and the plasma boundary (located at z = a):

NT =
∫ a

0
N dz = c

(ββc)1/2

∫ 1−β/(2βc)

0

d�n

(1 − �2
n)

1/2

∼= π

2

c

(ββc)1/2
. (15)

This last relation exhibits what has been pointed out recently
[24, 27, 30]: NT, the total number of neutrals, determines the
electron temperature. The total number of neutrals is the same
in the two regions between the plasma maximal density and
the two opposing boundaries, even if the peak plasma density
is not at the middle plane between those two boundaries.

In the following section we will calculate the potential
drop across the plasma and the power deposited in the neutrals
by the plasma.

3. Plasma potential and power deposited in the
neutrals

The potential difference across the plasma (the potential at
� = 0 taken as zero) is

ϕ(z) = −
∫ z

0
E dz′ = −

∫ z

0

m

e

βi

β

d�

dz′
v

n
dz′ = T

e

βi

βc
ln nn(z).

(16)

Note that this result is independent of the neutral density. This
is a Boltzmann relation modified by collisions. If the electrons
are collisionless, βi = βc, the usual Boltzmann relation is
recovered. Using equation (14) for the plasma density at the
boundary, we find that the potential difference across the quasi-
neutral plasma is

�ϕ = T

e

βi

βc
ln nn,min

∼= −T

e

βi

βc
ln

βc

β
. (17)

Let us discuss now the energy deposited in the neutrals due
to their interaction with plasma particles. The power per unit
volume pN(z) is composed of several sources, as described
in [29], based on [4, 41]:

pN(z) = pNQe(z) + pNQi(z) + pNwe(z) + pNwi(z), (18)

where

pNQe = 3nNβe1(T − Tg), pNQi = 3
4nNβi(Ti − Tg),

pNwe = Nnmeβev
2, pNwi = Nnmβiv

2. (19)

The first two terms express neutral heating due to collisions
with electrons and ions and the last two terms the work done
on the neutrals by the electron and the ion flows. Here Tg is the
neutral-gas temperature. We assume that the neutral and ion
temperatures are much smaller than the electron temperature

Tg, Ti � T . (20)

We therefore neglect pNQi and approximate pNQe =
3nNβe1T . The various sources of neutral heating are therefore
approximated as

pNQe = 3nNβe1T , pNQi = 0,

pNwe = Nnmeβev
2, pNwi = Nnmβiv

2. (21)

The power per unit volume can be integrated along the flow.
The power deposited in the neutrals due to the work done by the
ions, PNwi, and by the electrons, PNwe, is

PNwi,e(z) =
∫ z

0
pNwi,e(z

′) dz′ =
∫ z

0
m

βi,e1

β

d�

dz′ v
2 dz′

= �aT
βi,e1

βc

[
ln

√
1 + �n(z)

1 − �n(z)
− �n(z)

]
. (22)

In order to calculate the power PNwi,e(a) we use the value of
the normalized plasma flux at the plasma edge (14), �n(a) =
1 − β/(2βc), in which we must retain the small term β/(2βc);
otherwise the power is infinite. The total power deposited in
the neutrals due to the work by both ions and electrons turns
out to be

PNw(a) = PNwi(a) + PNwe(a) ∼= �a

T

2
ln

βc

β
. (23)

This power is independent of the neutral density. The power
per plasma particle is determined by the atomic cross sections
(βc/β) and by the electron temperature only. We note that

PNw(a) ∼= −1

2

βc

βi
�ae�ϕ. (24)
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The distribution of ionization is such that on average an ion
gains (and delivers to the neutrals) half of the electric energy
available due to the voltage drop across the plasma.

The power deposited in the neutrals due to their collisions
with electrons is

PNQe(z) =
∫ z

0
pNQe(z

′) dz′ = 3βe1T

∫ z

0
Nn dz′

= 3
βe1

β
T

∫ �

0
d�′. (25)

The total heating is obtained, for �(a) ∼= �a , as

PNQe(a) = 3
βe1

β
�aT . (26)

The total power deposited in the neutrals is therefore

PN(a) = PNw(a) + PNQe(a) ∼= �aT

(
1

2
ln

βc

β
+ 3

βe1

β

)
,

(27)

where PN(z) ≡ PNw(z) + PNQe(z). Our previous observation
is true also for the total power deposited in the neutrals: the rate
of neutral heating by one particle of plasma depends only on
the electron temperature and on the atomic rate coefficients.
It is independent of the neutral density. In the collisional
regime, βc � β, the rate of heating due to collisions with ions
depends only logarithmically on the large ratio of the collision
to ionization frequencies. If βc and βe1 are comparable, the
heating by the electrons is dominant, as is indeed assumed
in [29]. The neutral heating by the work done by the ions is
expected to be larger when their collisions are described by
Godyak’s model [3]. This case will be addressed in a future
study.

In the following section we examine the evolution of the
neutral temperature in a thermalized neutral gas.

4. Thermalized neutral gas

In this section we assume that the neutral-gas pressure is a
scalar N(z)Tg(z), where Tg(z) is the neutral-gas temperature.
The evolution of the neutral-gas temperature is governed by
the following energy equation:

d

dz

[
K(Tg)

dTg

dz

]
= −pN(z) = −nN(3βe1T + mβcv

2), (28)

as was described in [29] based on [4, 41]. Here K(Tg) is the
coefficient of heat conductivity. In the equation we used the
approximations for pN(z) from the previous section. Since ion
inertia has been neglected pressure balance between ions and
neutral gas holds:

Pr = NTg + nT , (29)

where Pr is the uniform total pressure. Power balance is
written as

P = εT (T )�(z = a) − K(Tg)
dTg

dz
(z = a), (30)

where P is the power deposited per unit area in both plasma
and neutrals. Power balance includes the energy deposited in
the plasma εT (Te), which is the energy cost for an ion–electron
pair production excluding neutral-gas heating [4], and in the
neutral gas. Walls are symmetrically located at z = ±a. The
specified Pr , P , a, cross sections βi(T ), βe(T ) and βc, and
boundary conditions Tg(z = ±a) = TgW and n(z = ±a) ∼= 0,
could determine the profiles in z of n, �, N , and Tg and the
uniform value of T .

Using the expressions in the previous section we write

K(Tg)
dTg

dz
= −PN(z)

= −�aT

[
ln

√
1 + �n(z)

1 − �n(z)
− �n(z) + 3

βe1

β
�n(z)

]
. (31)

With the continuity equation we express the equation as

K

Tg

dTg

d�n
= − c2

βc(Pr/n0T − nn)nn

×
[

ln

√
1 + �n(z)

1 − �n(z)
+

(
3
βe1

β
− 1

)
�n(z)

]
. (32)

We assume for simplicity that

K(Tg) = K = const (33)

and derive the following expression for the neutral-gas
temperature:

Tg = Tgw

(1 − sin θ0 cos θ)1/Ke

× exp

[
sin θ0

Ki

∫ θmax

θ

dθ ′

(1 − sin θ0 cos θ ′)
ln

√
1 + sin θ ′

1 − sin θ ′

]
,

(34)

where Tgw is the neutral-gas temperature at the wall, and

θ ≡ arcsin �n, θmax = π

2
−

√
β

βc
, sin θ0 ≡ n0T

Pr

,

Ki ≡ Kβc

c2
, Ke ≡ Ki

3βe1/β − 1
. (35)

The maximal neutral-gas temperature (at the plasma center) is
found to be

Tg0 = Tg(θ = 0) = Tgw

(1 − sin θ0)1/Ke

× exp

[
sin θ0

Ki

∫ θmax

0

dθ ′

(1 − sin θ0 cos θ ′)
ln

√
1 + sin θ ′

1 − sin θ ′

]
.

(36)

We now express the neutral density as

N = Pr

Tg
(1 − sin θ0 cos θ). (37)

The continuity equation becomes
dθ

dξ
= α

1/2
L (1 − sin θ0 cos θ)1+1/Ke

× exp

[
sin θ0

Ki

∫ θmax

θ

dθ ′

(1 − sin θ0 cos θ ′)
ln

√
1 + sin θ ′

1 − sin θ ′

]
,

(38)

4



Plasma Sources Sci. Technol. 17 (2008) 024016 A Fruchtman

where

α
1/2
L ≡ (ββc)

1/2Nwa

c
, ξ ≡ z

a
Nw ≡ Pr

Tgw
. (39)

Equation (38) is reduced to the equation used in [24] once
the conductivity is infinite (Ki, Ke −→ ∞). Integrating
equation (38) we obtain

α
1/2
L ξ =

∫ θ

0

dθ ′

(1 − sin θ0 cos θ ′)1+1/Ke

× exp

[
− sin θ0

Ki

∫ θmax

θ ′

dθ ′′

(1 − sin θ0 cos θ ′′)
ln

√
1 + sin θ ′′

1 − sin θ ′′

]
.

(40)

Integrating equation (40) until the wall we obtain the following
relation:

α
1/2
L =

∫ θmax

0

dθ

(1 − sin θ0 cos θ)1+1/Ke

× exp

[
− sin θ0

Ki

∫ θmax

θ

dθ ′

(1 − sin θ0 cos θ ′)
ln

√
1 + sin θ ′

1 − sin θ ′

]
,

(41)

which should be added to the previous relation (30). In the
case of a small plasma pressure, sin θ0 � 1, the last equation
is reduced to Schottky’s case: α

1/2
L

∼= π/2 [1].
Once these equations are solved we can calculate the

neutral depletion as defined in [30]:

D ≡ N(a) − N(0)

N(0)
. (42)

In our case the neutral depletion turns out to be

D = 1

(1 − sin θ0)1+1/Ke

× exp

[
sin θ0

Ki

∫ θmax

0

dθ

(1 − sin θ0 cos θ)
ln

√
1 + sin θ

1 − sin θ

]
− 1.

(43)

In the following section we examine how the magnitude of
the heat conductivity affects the plasma and the neutral steady
state.

5. The effect of heat conductivity

Following the discussion at the end of section 3, and as was
done in [29], we examine the case that the electron heating is
dominant. Equations (40) and (41) are reduced to

α
1/2
L ξ =

∫ θ

0

dθ ′

(1 − sin θ0 cos θ ′)1+1/Ke
, (44)

and to

α
1/2
L =

∫ π/2

0

dθ

(1 − sin θ0 cos θ)1+1/Ke
. (45)

Here θmax is approximated as π/2. Cases with finite values
of Ke were presented in [29]. We present analytical results
for Ke = ∞, as in [24] and in [27], and also for Ke = 1 and
Ke � 1.

In the case that Ke = ∞ equations (44) and (45) are
integrated, as in [24], to

cos θ − sin θ0

sin θ cos θ0
= cot[(α1/2

L cos θ0)ξ ], (46)

and to
α

1/2
L cos θ0 = π

2
+ θ0. (47)

This last equation is in the form of Kepler’s equation.
The special case Ke = 1 can also be integrated as follows:

α
1/2
L ξ =

∫ θ

0

dθ ′

(1 − sin θ0 cos θ ′)2
= 1

cos3 θ0

×
{

2 arctan

[
(1 + sin θ0) tan(θ/2)

cos θ0

]
+

sin θ0 cos θ0 sin θ

1 − sin θ0 cos θ

}
.

(48)

Using equation (45) for Ke = 1 in its form in equation (48)
we obtain the relation

α
1/2
L cos3 θ0 = π

2
+ θ0 + sin θ0 cos θ0. (49)

Let us discuss the evaluation of integral (45) for the case
of a low heat conductivity, Ke � 1. We write the integral as

α
1/2
L =

∫ π/2

0
dθ ′ exp

[
h(θ ′)

ε

]
, (50)

where
1

ε
≡ 1 +

1

Ke
, h(θ) ≡ − ln(1 − sin θ0 cos θ). (51)

Since h(θ) is a decreasing function in the interval [0, π/2] we
can employ Laplace’s method [42] for a small ε to obtain the
asymptotic form of the integral. The derivative h′(0) is zero
and the integral becomes

α
1/2
L =

[
− πε

2h′′(0)

]1/2

exp

[
h(0)

ε

]
. (52)

Thus, integral (45) at the asymptotic limit ε ∼= Ke � 1 turns
out to be

α
1/2
L =

(
πKe

2 sin θ0

)1/2 1

(1 − sin θ0)1/2+1/Ke
. (53)

Equations (47), (49) and (53) are approximated forms of the
eigenvalue equation (45) and relate α

1/2
L and θ0 for different

values of Ke.
As numerical examples we present different cases in which

the total number of neutrals in the system, the deposited power
and the wall temperature Tgw are specified and constant. Since
the total number of neutrals is fixed the electron temperature
T is also fixed, as shown in section 2 (see equation (15)).
The total power is fixed and therefore the maximal plasma
densityn0 is also fixed, according to equaion (30). For different
values of the coefficient of the neutral-gas heat conductivity Ke

the profile of the neutral-gas temperature Tg(z) and the total
pressure Pr are different. If, for the same number of neutrals
and the same amount of deposited power, Ke is smaller,

5
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Figure 1. Normalized plasma and neutral pressures for four
different coefficients of heat conductivity, Ke. The resulting
normalized total pressure Pr,T is (a) Pr,T = 1, (b) Pr,T = 1.281,
(c) Pr,T = 3.147 and (d) Pr,T = 10.112.

sin θ0 should be smaller and α
1/2
L should be larger, both by the

same numerical factor, corresponding to a larger total pressure
Pr (see the definitions in equations (35) and (39)). We analyze
four cases where Ke = Ke,j , sin θ0 = sin θ0,j , α

1/2
L = (α

1/2
L )j

and Pr = Pr,j for j = 1, 2, 3, 4. We choose for the first case
the values

Ke = Ke,1 = ∞ (ε = 1) sin θ0 = sin θ0,1 = 0.9.

(54)

Once the values of Ke,1 and of sin θ0,1 have been specified,
the value of (α

1/2
L )1 is determined through the integral in

equation (45) and is found to be α
1/2
L = (α

1/2
L )1 = 6.1726.

The three additional values of Ke are chosen to be Ke,2 = 1
(ε = 0.5), Ke,3 = 1/9 (ε = 0.1), and Ke,4 = 1/49 (ε = 0.02).
For each value of Ke we numerically find sin θ0,j and (α

1/2
L )j

that both satisfy equation (45) and the relation

sin θ0,j

sin θ0,1
= (α

1/2
L )1

(α
1/2
L )j

. (55)

As explained above, this means that, as a result of the different
value of Ke, the total pressure is different, satisfying

Pr,1

Pr,j

= sin θ0,j

sin θ0,1
= (α

1/2
L )1

(α
1/2
L )j

. (56)

For each case the normalized plasma pressure Prp ≡
nT/Pr,1 = cos θ sin θ0,1, normalized neutral-gas temperature
Tg ≡ Tg/Tgw = (1 − sin θ0 cos θ)−1/Ke , normalized neutral-
gas density N ≡ NTgw/Pr,1 = N/N1(ξ = ±1) =
(Pr,j /Pr,1)(1−sin θ0,j cos θ)1+1/Ke and normalized neutral-gas
pressure Pr,N ≡ NTg/Pr,1 are calculated. The neutral density
is normalized to N1(ξ ± 1), the neutral density at the wall in
the first case, while both plasma and neutral-gas pressures are
normalized to the total pressure in the first case. Figure 1 shows
the normalized plasma and neutral-gas pressures for the four
cases. Figure 2 shows the normalized neutral-gas temperature
and density for the four cases. Note that for cases 3 and 4 the
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Figure 2. Normalized neutral-gas density and temperature for four
different coefficients of heat conductivity, Ke, as in figure 1.
The resulting maximal normalized neutral density N(ξ = ±1)
equals the normalized total pressure mentioned in the text. The
maximal normalized neutral temperature Tg(ξ = 0)/Tgw and
the neutral depletion D are (a) Tg(ξ = 0)/Tgw = 1, D = 9, (b)
Tg(ξ = 0)/Tgw = 3.3613, D = 10.3, (c) Tg(ξ = 0)/Tgw = 20.73,
D = 28 and (d) Tg(ξ = 0)/Tgw = 96.29, D = 104.7. Note that in
(c) and (d) 0.1Tg/Tgw is presented.

temperature divided by 10 is presented. It is seen in the figures
that a lower Ke results in a higher Tg, a higher neutral depletion
D and a higher total pressure Pr . Even though the plasma
pressure becomes smaller relative to the total pressure, the
larger neutral heating results in a larger neutral depletion. The
relative plasma pressure is sin θ0,1 = 0.9, sin θ0,2 = 0.7025,
sin θ0,3 = 0.286 and sin θ0,4 = 0.089, while the corresponding
normalized total pressure Pr,T = Prp + Pr,N = N(ξ = ±1) is
1, 1.281, 3.147 and 10.112. The neutral depletion D increases
correspondingly and takes the values 9, 10.3, 28 and 104.7.
The maximal normalized neutral density N(ξ = ±1) equals
the normalized total pressure, as indicated above.

In this section we have analyzed how the heat conductivity
affects the neutral-gas temperature, the neutral depletion and
the plasma steady state. In the following section we assume
that the neutral gas is mostly affected by charge-exchange
collisions.

6. Neutral pumping

We assume that the neutrals move ballistically either to the
right (positive z) with a flow of flux density �1(z) and density
N1(z) or to the left with a flow of flux density �2(z) and density
N2(z). For simplicity, they are all assumed to have a velocity
of the same magnitude va = �1(z)/N1(z) = �2(z)/N2(z).
Part of the neutrals are accelerated through charge-exchange
collisions with fast ions. This fast component of the neutral
flow is of a flux density �3(z) and density N3(z) and is in the
direction of the plasma flow. We call the process of depleting
of neutrals through their collisions with ions neutral pumping.
Particle conservation is expressed as

� + �1 − �2 + �3 = �m, (57)

where �m is the total particles flux density and

N = N1 + N2 + N3. (58)
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The continuity equations for the various species are

d�

dz
= β(N1 + N2 + N3)n,

d�1

dz
= −βN1n − βcN1n,

d�2

dz
= βN2n + βcN2n, (59)

and
d�3

dz
= βc(N1 + N2)n − βN3n. (60)

We assume that the neutral component �3 is fast and their
residence time is short. The density of the fast neutrals is low,

N3 � N1, N2, (61)

so that they are not ionized. We approximate the continuity
equations as

d�

dz
= β(N1 + N2)n,

d�1

dz
= −βcN1n,

d�2

dz
= βcN2n,

d�3

dz
= βc(N1 + N2)n. (62)

From these approximated equations we derive the relation

�3 = βc

β
� � �. (63)

Relation (63) that follows equation (10) results in the flux of
fast neutrals being larger than the plasma flux, expressing
the fact that the force by the neutrals, rather than the
ion momentum, balances the plasma pressure. The mass
conservation is therefore approximated as

�1 − �2 +
βc

β
� ∼= �m. (64)

The slow neutrals are converted into fast neutrals and (at a
smaller rate) ions. As said above, the densities of the slow
neutral components are

N1 = �1

va
, N2 = �2

va
. (65)

Equations (62) and (65) result, similarly to the collisionless
case [30], in the relation

�1(z)�2(z) = �2
0 = const. (66)

We will now examine a system with a zero mass flow and
a system with a net mass flow.

7. Zero mass flow

We start with a plasma confined between two walls at z = ±a

which is symmetrical with respect to z = 0,

�1(0) = �2(0) = �0, �m = 0. (67)

Equations (64) and (66) result in the relation

�1(z) − �2
0

�1(z)
+

βc

β
�(z) = 0, (68)

from which �1(z) is expressed as

�1(z) = βc

2β


−�(z) +

√
�2(z) +

(
2β�0

βc

)2

 . (69)

Employing this expression for �1(z) and the relation �2(z) =
�1(z) + (βc/β)�(z), we write the approximated neutral
density as

N(z) ∼= N1(z) + N2(z) = �1(z) + �2(z)

va

= βc

vaβ

√
�2(z) +

(
2β�0

βc

)2

. (70)

The equation for � in equations (62) becomes

d�n

dξ
= Pn

√
�2

n (ξ) + B2
c

√
1 − �2

n (71)

in which

Bc ≡ 2β�0

βc�a

, Pn ≡ βc�aa

vac

(
βc

β

)1/2

, ξ ≡ z

a
.

(72)

It is convenient to write the last equation in the form

dθ

dξ
= Pn

√
sin2 θ + B2

c , (73)

where
sin θ ≡ �n. (74)

The solution of the equation is

∫ θ

0

dθ ′√
sin2 θ ′ + B2

c

= Pnξ. (75)

Integrating this equation we obtain the relation

∫ π/2

0

dθ√
sin2 θ + B2

c

= Pn. (76)

The case of low neutral depletion corresponds to Bc � 1.
In that case π/2 = BcPn = (2�0a/vac)(ββc)

1/2 as in the case
of a uniform plasma density. The more interesting case is of
strong neutral depletion, when Bc � 1. We estimate the value
of the integral (76) as we did in [30]. We choose b such that
Bc � b � π/2 and split the integral into two parts, one in the
interval [0, b] and the second in the interval [b, π/2] . In the
first integral we approximate∫ b

0

dθ ′√
(θ ′)2 + B2

c

= ln

(
b +

√
b2 + B2

c

Bc

)
∼= ln

(
2b

Bc

)
. (77)

The second integral is approximated as

∫ π/2

b

dθ ′

sin θ ′ = 1

2
ln

1 + cos b

1 − cos b
∼= ln

2

b
. (78)
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Figure 3. Plasma and neutral-gas normalized densities for a
dominant neutral pumping. No mass flow. Here B2

c = 0.0001 and
the neutral depletion is D = 99.

The sum of the two integrals turns out to be

ln

(
4

Bc

)
= Pn �⇒ Bc = 4 exp (−Pn) . (79)

The neutral depletion has been defined in equation (42).
Expressing the neutral-gas densities at the boundary and at the
center through equation (70), we find that

D =
√

1 + B2
c

Bc

− 1, (80)

and the large neutral depletion when Bc � 1 turns out to be

D ∼= 1

Bc

∼= exp Pn

4
. (81)

Figure 3 shows the profiles of the plasma and neutral-gas
densities between the walls, for a case neutral pumping. In
the following section we examine neutral pumping in an open
system with a net mass flow.

8. Open system

The second configuration we analyze for a neutral flow affected
by charge-exchange collisions is of a plasma produced between
a wall at z = 0 and an open boundary at z = a through which
gas and plasma are free to leave the system. Gas is injected at
z = 0 and the net particle flow density is �m. Because of the
free boundary there is no backward slow component of the gas,

�2(z) = 0. (82)

The conservation of particles is expressed as

�m = �(z) + �1(z) +
βc

β
�(z) ∼= �1(z) +

βc

β
�(z), (83)

and the neutral density

N(z) ∼= �1(z)

va
. (84)

The plasma continuity equation becomes

d�n

dξ
= α1/2

o (1 − ηm�n)

√
1 − �2

n, (85)

where

ηm ≡ βc�a

β�m
, α1/2

o ≡ (ββc)
1/2�ma

cva
, ξ ≡ z

a
. (86)

Here α
1/2
o is equivalent to α

1/2
L of section 5. Also, ηm, the

ratio of the flux density of accelerated neutrals (βc/β)�a to
the net mass flow density �m, is appropriately called propellant
utilization when such a configuration is employed as a thruster.
Note also that ηm = 2/Bc. Equation (85) can be written as

dθ

dξ
= α1/2

o (1 − sin θ0 sin θ) , (87)

where
sin θ ≡ �n sin θ0 ≡ ηm. (88)

This equation is identical to the equation in [24] and to the
equations in section 5. The equation is integrated to

1

cos(θ0)
arccot

(
sin θ − sin θ0

cos θ cos θ0

)
= −α1/2

o ξ + A, (89)

in which A is a constant. With the boundary conditions

ξ = 0 sin θ = −1, ξ = 1 sin θ = 1, (90)

we find that A = π and

α1/2
o = π

cos θ0
. (91)

When neutral depletion is small θ0, ηm � 1 and α
1/2
o = π (a

factor of 2 difference from the previous case is because here
a and not 2a is the distance between the plasma boundaries).
Equation (91) is written explicitly as

ββc

(
a�m

vac

)2
[

1 −
(

βc�a

β�m

)2
]

= ββc

(
a�m

vac

)2 (
1 − η2

m

) = π2. (92)

We can define, similarly to what we did in [30], characteristic
ionization and collisional mean free paths,

λion ≡ vac

β�m
λc ≡ vac

βc�m
, (93)

and write equation (91) or (92) as

1 − η2
m = π2λionλc

a2
. (94)

The profile of the normalized plasma flux (�n = sin θ )
is then
sin θ − sin θ0

cos θ cos θ0
= �n − ηm√

1 − �2
n

√
1 − η2

m

= cot[π(−ξ)]. (95)

The other variables are expressed as

nn =
√

1 − �2
n N = �m (1 − ηm�n)

va
. (96)

We define the rate of neutral depletion equivalently to what
we did in the previous case of no mass flow as

D ≡ N(z = 0) − N(z = a)

N(z = a)
. (97)
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Figure 4. Plasma and neutral-gas normalized densities for a
dominant neutral pumping. An open system and a net mass flow to
the right. The propellant utilization is ηm = 0.9 and
correspondingly the neutral depletion is D = 18.

Since N(z = 0) = �m(1 + ηm)/va and N(z = a) =
�m(1 − ηm)/va we obtain that

D = 2ηm

1 − ηm
. (98)

Figure 4 shows the plasma and neutral-gas normalized
densities for an open system in which neutral pumping is
dominant.

The use of such a configuration for a thruster has the
advantage that the thrust is delivered mostly to neutrals. Sheath
losses, which are a major source of inefficiency in collisionless
plasmas [30], are minimal in this case. The analysis of the
neutral dynamics in the dominant neutral pumping regime
presented here does not provide us with an accurate enough
estimate of the efficiency. Let us assume that the source of
energy for thrust is the energy gained by the ions while they
cross the potential drop across the plasma. Let us also assume
that all this energy is delivered to the neutrals as directed kinetic
energy. The losses include half of the energy that is wasted at
the backwall, the energy cost for ionization εc and the energy
losses at the sheath [4, 30]. The efficiency can be written as

η = e�ϕ

εc(T ) + 2T + 0.25T [1 + ln(m/2πme)] + 2e�ϕ
.

(99)

This efficiency can be estimated once the electron temperature
and plasma potential are evaluated.

9. Summary

In this paper we have analyzed how energizing the neutrals by a
collisional plasma affects the neutral depletion and the plasma
steady state. When neutrals are thermalized their gain of
energy from the plasma results in a temperature increase. That
temperature increase crucially depends on heat conductivity.
We showed that if the heat conductivity is low the increase
in neutral temperature can be significant and thus can result
in a large neutral depletion even if the plasma pressure is
relatively small. We then analyzed neutral pumping, a neutral
depletion that follows the production of fast neutrals through
charge-exchange collisions. Dominant neutral pumping was

examined both in a closed system with no net mass flow and
in an open system of a finite mass flow.
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